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Abstract 

We consistently reduce the equations of motion for the bosonic N = 2 supergravity action, us- 
ing a multi-centered black hole ansatz for the metric. This reduction is done in a general, non- 
supersymmetric setup, in which we extend concepts of BPS black hole technology. First we obtain 
a more general form of the black hole potential, as part of an effective action for both the scalars 
and the vectors in the supergravity theory. Furthermore, we show that there are extra constraints 
specifying the solution, which we calculate explicitly. In the literature, these constraints have al- 
ready been studied in the one-center case. We also show that the effective action we obtain for 
non-static metrics, can be linked to the "entropy function" for the spherically symmetric case, as 
defined by Sen and Cardoso et al. 
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1 Introduction 



It has been more than 10 years now since the attractor mechanism in supersymmetry was 
discovered, in the context of N = 2 extremal black holes [1-3]. Since then, it has been realized 
that the attractor phenomenon is not restricted to the supersymmetry of the solution, but 
rather is a property related to the extremality of black holes. This was first proposed in [4] , 
where also the concept of a black hole potential was introduced, and studied in detail later 
in [5-7]. In the latter, the non-extremal attractor equation was derived in great detail. All 
this work was done for static black holes. 

In the context of string theory, the attractor phenomenon has also been well studied 
for BPS black hole systems [8]. In particular, it was shown [9,10] that solutions exist with 
multiple centers. They can be described in the low energy limit as stable configurations of 
several coupled black holes. These no longer have to be described by a static metric. 

We do not have the intention of giving a detailed description of the attractor phenomenon. 
We do, however, want to extend some of the ideas concerning the reduced action one generi- 
cally writes down for such extremal black holes, which is the basis of a detailed study of the 
attractor equations. In the case of a static metric, a spherically symmetric metric ansatz is 
generically proposed - see for instance [4,7]. Using this ansatz, one eliminates the vectors 
through their equation of motion and integrates out angular dependence of the supergravity 
action. In this way one obtains a reduced action, governing the dynamics of the scalars, 
introducing a charge-dependent black hole potential along the way. For completeness, a 
(Hamiltonian) constraint has to be imposed on the system. Another method is based on 
integrating out angular dependence and a Legendre transform of the reduced Lagrangian is 
carried out. The stationary points of the entropy function thus obtained [11, 12] give the 
attractor equations. When one studies multicenter solutions, as is done in [9], one does not 
start from the standard form of the supergravity action exhibiting manifest four-dimensional 
covariance. Instead, one can derive the attractor behavior from a four-dimensional elec- 
tric/magnetic duality invariant action. However, the author has not checked compatibility 
of this action with the full four- dimensional metric. When doing so, by comparing with 
the four-dimensional Einstein equations, constraints may have to be imposed on the system. 
In [9], this is avoided by immediately imposing BPS conditions on the reduced action. The 
BPS solutions are then supposed to satisfy these extra constraints. 

We would like to obtain such an action in another way. We do this by studying the 
information contained in the Einstein equations. The Einstein equations, together with the 
equations of motion for the scalars and those of the vectors, govern the dynamics of the black 
hole solution. Knowing this, we will try to integrate (some of these) Einstein equations to 
give an effective action. The Einstein equations that cannot be derived from this effective 
action, will become constraints that have to be imposed on the solution. We will show that 
the effective action correctly describes the scalar and metric dynamics as well as those of 
the vectors. In fact, the effective action we obtain in this way, is exactly the one that has 
already been studied [9], but now we also arrive at extra constraints that were not found 
then. We also show that the action we obtain is analogous to the concept of the entropy 
function of Sen [11] and Cardoso et al. [12], in the sense that our effective action is (minus) 
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the entropy function for spherically symmetric metrics. 

We apply our method to stationary spacetimes. Also, all the fields will be required 
to be time- independent. Both the static and non-static cases are discussed, in a non- 
supersymmetric setup. This will allow us to propose an effective action, first for static 
but not necessarily spherically symmetric metrics. When we do look at spherical symmetry, 
we see that our effective action is the same as the reduced action in the literature. We also 
obtain the same constraint. However, the method we use is different from a dimensional 
reduction. There is a subtlety in the choice of independent variables. We will come back to 
this later. When we apply our machinery to non-static black hole systems, we arrive again 
at an effective action for the scalars, together with extra constraints. These constraints have 
not been found before. Also, we can straightforwardly generalize the concept of a black hole 
potential. 

The outline of this paper is as follows. We begin by elaborating on results for a static 
black hole metric ansatz, in section [2J This will be more than just a review of what is known 
already for extremal black holes. We will bring our method into practice for a generic static 
metric ansatz, to establish the key features of our consistent reduction of the supergravity 
action by means of the field equations. This will lead us to proposing an effective action and 
a dynamical constraint restricting the solution. Where the original supergravity action had 
the scalars and the (four-dimensional) vectors as independent variables, this will no longer 
be the case here. The effective action reproduces the vector and scalar field equations, but 
only after a specific reparametrization of the vector contribution, in which we switch to 
new three-dimensional vector variables. Afterward, we make a specific choice of the metric 
and obtain indeed the same results as in the literature, including the notion of a black hole 
potential. 

In section EJ we apply the same steps toward an effective action, this time for a general 
non-static metric ansatz admitting multicenter black holes. Again, the four-dimensional 
vectors will no longer be the independent variables in the effective action we obtain, but new 
three-dimensional ones will have to be considered. We will arrive at a generalization of the 
concept of a black hole potential. Furthermore, there will also be constraints generalizing 
those that we had for a static metric and we will present them in detail. 

In section HI we explain how the effective action we obtain is different from the super- 
gravity action we started from. In fact, we start from a manifestly covariant action in four 
dimensions, which is not invariant under electric/magnetic duality rotations. The effective 
Lagrangian we obtain however, does transform as a scalar under electric/magnetic duality. 
But because we switched to three-dimensional gauge vectors as independent variables, it will 
no longer be covariant with respect to the full four- dimensional spacetime. 

Finally, we conclude in section [5j 

2 Introducing our method: static metrics 

Before applying our method to derive an effective action for multicenter black holes, we will 
look to static metrics. First, this will allow us to introduce the key ideas of our reduction of 
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the equations of motion in a simpler setup. Secondly, we will be able to link the solutions 
we find to the results known in the literature. In particular, this will make it clear how we 
generalize the concept of a black hole potential, both in static configurations and later also 
in non-static ones. 

A static spacetime metric0 has the general form: 

ds 2 = -e 2U dt 2 + e~ 2U j mn dx m dx n , (2.1) 
where: d t U = d t ^ = . 

In the following, j mn will be used to raise and lower indices and to define a covariant 
derivative D m . 



2.1 Proposing an effective action 

We start from the bosonic part of the Einstein-Maxwell action coupled to Abelian vector 
fields: 

S = J d 4 ^ (fit: - gTG^d^du^ + i(lmAf u )F^ J - g^= (Re jV/j) e^ upa F^ u F 3 pa 

= S Einsteia + SW + SM. (2.2) 

The independent variables in this action are the scalars z a , gauge vectors A 1 , appearing 
through their fields strengths F 1 = d^Al, — d u Aj 1 , and the metric g^ v . We have split the 
action in a gravity term ^Einstein , a scalar part and a vector part . When seen in the 
context of a concrete N = 2 supergravity theory, the scalar metric G a p will be hermitian 
and linked to the Kahler potential of the special geometry. The vector couplings are given 
by ImA/j and Re A/}j. The matrix Af is determined by the special geometry and a choice of 
symplectic basis. The matrix ImAf will be negative-definite. For our purposes, however, the 
action may have both an arbitrary scalar metric G a p and arbitrary scalar-dependent vector 
couplings ImMjj and ReA/}j. 

As explained in secetion [TJ we would like to find an effective action starting from expres- 
sions for the Einstein equations. The Einstein tensor is defined as 

= 2(v^)- 1 ^%S^ = - b,uR ■ (2.3) 



5g- 

The Einstein equations are given by varying the action (12.21) with respect to the metric and 
yield: 

G^ = , (2.4) 



1 'Static' means that it admits a global, nowhere zero, timclikc hypersurfacc orthogonal Killing vector 
field. A generalization are the 'stationary' spacetimes, which admit a global, nowhere zero timclikc Killing 
vector field. In that case the components ga m could be nonzero. We will turn first our attention to these 
static spacetimes. 
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where T^ v is the energy-momentum tensor. We have 



rp _ T (0) , r (l) 



TfJ = -2(V5r'f^. T« = -2 (v ®-gl. (2.5) 



Remember that our solution will be stationary and hence time derivatives vanish. Let us 
look first at the contribution from the scalar part of the action. We have 

T$ = G a p(- gtlv g^d p z a d^ + 2d,z a d^) . (2.6) 

For the vectors, we note that the metric only appears in the term with ImM in the super- 
gravity action (|2.2p . This leads to 

T« = ImJV/j (lg,uF^F J ^ - F^F^) . (2.7) 

When writing down the energy-momentum tensor, it proves useful to introduce the magnetic 
vectors 

Fl = \lUVir l e npq Fl q . (2.8) 

After some calculation, we see that the Einstein equations reduce to the following two 
equations: 

-\Rmnil) + d m U8 n U + d {m z a d n) zP - e 2U V mn = , (2.9) 
D m d m U - e 2 V"Xn„ = . (2.10) 

The tensor V mn is quadratic in the field strengths and given by the expression: 

V mn = -\ IvaNu (e- w F{ m F J n + F^) . (2.11) 

All this leads us to proposing the following effective action: 



s cS = J dt J d 3 x^Y' 



-d m U8 n U - G a - p d m z a d n z? - e 2U V w 



f2.12) 



The field equation of this action for U is (12.101) if we keep V mn fixed during the variation. Of 
course, as U does not appear in the scalar part of the action, the latter is not determined by 
this requirement. We will prove that the field equations for the scalars can also be derived 
from this effective action for a specific parametrization of V mn . This will be clarified shortly. 
Only then will it be clear how to use this effective action. We want to emphasize that j mn 
should not be seen as a dynamical variable in this action. Instead of its field equations as 
following from this effective action, we should take the Einstein equations from the original 
action (12.91) as constraints complementing the action (12.121) . This will be explained below. 
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2.2 Reproducing the field equations from the effective action 

In the effective action, expression (12. lip is phrased in components of the field strengths 
F^. However, we can write it in terms of the symplectic vectors of field strengths and field 
equations. To do so, we introduce the following variables: 

r - e ds 



dF 1 

pa 



= (ReAfu)F^ + lihnN^g^g.AVgY^'^F^ . (2.13) 

Under electric/magnetic duality, F 1 and Gj transform as a symplectic vector. If we denote 
the three-dimensional duals generalization of (12. 8p : 

FL = hmn(V^)~^ nPq Fp q , G Im = ^ mn (Vir^ nP9 Gl Pq , (2.14) 

we obtain from (I2TTB1 and e 0npq = -e npq (as we use e 0123 = -e 0123 = 1): 

FL \ = e 2U QM (2.15) 

The matrices in the expression are the symplectic metric Q and the matrix M. defined by: 

^=(_° 11 J), M = H -™ R ~ lR m ~S\ , R = Re A/", I = lmAf. (2.16) 

These matrices contain indices / and J at appropriate positions automatically for (I2.15P to 
make sense. This leads to 



Vmn — — o e 2U {F^GlQn — F^Gjr 
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= \(FL G ^)M(Q. (2.17) 

U does not appear in this expression for V mn . This implies that if we consider V mn as a 
function of F^, Gj m and the scalars implicitly present in (12.161) and insert it as such in the 
effective action (12.121) . then it is still valid that this action generates the right field equation 
for U. We now check that in this way it also generates the same scalar field equations as 
those obtained from and in the original action (12. 2p . where the vector fields A 1 ^ were 
the other independent variables. Hence the field equations that should be reproduced are 

= d^gg^G^dJ) + \^-gd a {lmUu)Fl u F^ J - | <9 a ( Re A/}j ) e^ pa F^ v F J pa , (2.18) 

where we denoted d a = -J^. Specifying metric ( 12. ip and the expressions for the field strengths 
in terms of F^ and Gi m , this becomes 

= d m (Vll mn G a ^) - \e 2U ^ mn (Fi G mI ) d a M (jQ , (2.19) 



where the indices / and J appear again in appropriate positions on the submatrices of d a M.. 
The latter are indeed the field equations for z a , obtained from the effective action 

S cS = J dt J d 3 x^ mn -d m U3 n U - G a pd m z a d n zP - ^e 2U (Fi G Im ) M f^Q 

(2.20) 

This action should be considered as an effective action for varying with respect to the vari- 
ables U, z a and A^^Aim, while j mn should be considered as background. We saw already 
that the field equations of the original action for j mn lead to constraint (12.91) . We will now 
check what the field equations of the vector sector impose. 

The Bianchi identities and the vector field equations from the four-dimensional action 
(12.21) with independent vectors A 1 ^ are equivalent to 

e^ p(J d v ( £^ J =0. (2.21) 

y^Ipa J 

We can reproduce these equations from the effective action (I2.20p . if we now take three- 
dimensional gauge vectors A^, Aj m as the fundamental vector variables. We consider then 
F^ n and Gj mn as the field strengths for these variables: 

^mn dmA n n A m , Gj mn O m Aj n d n Aj m . (2.22) 

The Bianchi identities for the vectors A^, A Im are given by 

e mnp d m ( J = . (2.23) 

\Glnp J 

The components FQ m ,Gi 0m are no longer independent variables. Indeed, expression (I2.15P 
should now be seen as their defining relation, showing how we can construct them from the 
three-dimensional vectors. Then the field equations for the vectors A^, Aj m obtained from 
varying the effective action (I2.20p can be written as 

£ mnp dn (K) =0 . (2.24) 

y^iop J 

We see that, for stationary solutions, the vector field equations and Bianchi identities (I2.2ip 
are correctly reproduced by (I2.23P and (I2.24p . 

The effective action we propose (I2.20p indeed reproduces all the field equations, with 
the following independent fields: scalars U and z a , and three-dimensional vectors Aj m , A^. 
To incorporate the full set of Einstein equations, constraint (I2.9P still has to be considered. 
Note that we arrive at an action which is no longer covariant in four-dimensional spacetime, 
due to the vector term. We do however have an action that displays invariance under 
electric/magnetic duality. We come back to this in section HI 
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2.3 The black hole potential 

We now wish to establish the link with the black hole potential known in the literature. To 
do this, we try to find a solution to the equations (12.211) . In terms of our preferred variables, 
this gives: 

d m Jll mn (jjQ = 0, d [m e 2U Mtt (J^ = 0. (2.25) 

One way of solving these equations is to put 

Fm = dmH 1 , Gj m = d rn Hj , 

d^^dnH 1 = d^^dnHj = . (2.26) 

Remark that this brings us in the realm of supersymmetric solutions. Indeed, for instance 
in [9] it was shown that for BPS solutions the three-dimensional vectors are related to 
harmonic functions on K 3 precisely in the manner (12.261) . 
We remain then with Bianchi identities of the form 

{d [m e 2U M)nd n] yt ) =0, (2.27) 



Hi, 

which can be solved by assuming that all functions (U, the scalars and the harmonic H 1 
and Hi) depend only on one coordinate such that the d m and d n for m ^ n in the above 
equation cannot both be non-vanishing. We denote this one coordinate as r. Thus, we have: 
U(t), z(t), H^t) and Hj(t). 

A convenient metric is e.g. [13, 14] 



c 4 - 2 



"i mn dx m dx n = j—dr 2 + ^(d# 2 + sin 2 6d<p 2 ) . (2.28) 

sinh ct sinh cr 

Details on this parametrization are given in an appendix of [7]. This parametrization has 
the property v /77 rr = sin 6, which will be useful. 

Harmonic means now just H = 0, where a dot is a derivative w.r.t. r. So we can take 

+ fc =n. r=ff). (2.29) 



Hi J ' VV 

We have here introduced the magnetic and electric charges in the symplectic vector T. 
In this parametrization, the Lagrangian gets the form (up to a normalization): 

C eS = U 2 + G a - p z a ^ + e 2C V B H , (2.30) 
where the black hole potential is 

^ BH = V TT = \V T MV. (2.31) 

The above is also the form of the reduced supergravity action, obtained by integrating out 
angular dependence, known in the literature (see e.g. [4,7]). 

The one-dimensional effective Lagrangian (I2.30p does not reproduce all of the field equa- 
tions. Indeed, from the Einstein equations (12.91) . we have to impose the following constraint: 

c 2 - U 2 - G a - p z a ¥ + e 2C/ y B H = . (2.32) 
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3 Non-static metric 



Having established the key ideas in the last section, we would like to extend this now to the 
case where we have a more general, non-static ansatz for the metric. In [15,16] it was shown 
that time independent (BPS) configurations require a stationary metric that can be written 
in the form: 



In fact, [15, 16] dictates j mn = 5 mn . We will extend this slightly however, and allow j mn to 
be an arbitrary metric on the three-dimensional space. We will proceed following the same 
steps as for a static metric. The main objective is to generalize the concept of the black hole 
potential, which was the tensor V mn (12.171) written down in a specific spherical coordinate 
system, and find the generalization of the extra constraint (12. 9p . We will keep using 7 m „ to 
raise an lower indices and to define a covariant derivative D m . Again, we will make use of 
the dual field strengths (12.131) . Remember, however, that this definition will lead to different 
expressions than in the static case, because of the explicit metric dependence in (12.131) . Also, 
we define the three-dimensional duals as in (I2.14p . 

In subsection 13.11 we give the field equations that have to be reproduced by the effective 
action we will construct. We calculate the Einstein equations and the field equations for 
the scalars and the vectors. We will later propose an effective action, in three-dimensional 
flat space. The function U appearing in the metric will show up in this action as a scalar 
field; the functions u m behave as three-dimensional gauge vectors. Anticipating this, we will 
introduce the following field strength for u m : 



We will also find several constraints that have to be imposed on the fields in the effective 
action. Later, in subsection I3.2[ we cast the effective action in a convenient form using 
variables Gj^. We find in particular how the black hole potential can be generalized. 
The independent fields in the effective action will be the metric components U and &, the 
scalars z a and three-dimensional gauge vectors A^, A Im . It is then easy to show that the 
effective action correctly reproduces the field equations for the scalar fields and the vector 
field equations of the original supergravity action (12. 2p . 

3.1 Field equations 

We would like to construct an effective action, which correctly describes the dynamics of the 
N = 2 supergravity theory, encoded in the action (12.21) . Concretely, this means that we want 
to reproduce the scalar and vector field equations, and (part of) the Einstein equations. The 
metric ansatz we use now is the non-static one, given by (13. ip . Again, we restrict ourselves 
to stationary solutions. 

The scalar field equations for the supergravity action (I2.2p are given by 



= d,(^gg^G a0 d^) + \^gd a {hnMu)F^ vJ - \d a {BBNu)er^ F 1 ^ . (3.3) 






rn 



(3.2) 
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Expressing everything in terms of vectors F m and Gi m using (12.141) . this is equivalent to 

= D m (G a0 d m zP) 

1 e 2U r /p \ i 

"2 e^^T [< e " V - ^ ( F - G -) d " M (gJ ] ■ (3 ' 4) 

The vector field equations and Bianchi identities on the other hand, can be written as 

e» upa d v (&)=0. (3.5) 

\Gl pa J 

To find the Einstein equations, we start from the components of the Einstein tensor: 

Goo = e 4U (±R( 1 ) + 2D n d n U-d n Ud n U+le 4U n mn n mn ), 
Gmo — ^mG*oo — \D P (e ' fi mp ) , 

D p (e iU fl n)p) ) (3.6) 

+ (j m nl pq ~ 2^j) (-1^(7) + WC/) - | ( 7Bm7 « - 4^) e 4 ^/ . 

To calculate the components of the energy-momentum tensor, we again make use of expres- 
sions (12.61) and (12. 7p . but now for the non-static metric ansatz (13.11) . Again, we make use of 
magnetic vectors F m as defined in (12.141) . We have a similar definition for V mn as in (12.111) 
and in addition, we define another symmetric tensor A mn , quadratic in the field strengths: 

V mn = 4(ImAT w )(e- 4f/ « + M, (3-7) 
Amn = -KlmjVjj) (u r u r F^ m F^ n + u m u n F^ r - 2u p u {m F^ p F^ n) 

—2£(rn\pq\u n )FQ P F Jq — 2e p {ra\ q uj p F^ n - ) F Jq ) . (3.8) 

Imposing that each of the Einstein equations should vanish, we can in fact show that 
they are equivalent to the following set of independent equations: 

= 2D n d n U -2e 2U j mn (V mn + A mn ) + \e AU tt mn tt mn , (3.9) 
= ii7 (e^fJj + ^(kMj) (w m W " " e^o^ 1 ) » (3-10) 

= ( 7mn 7 p? - 2^^) (-^ M (7) + 9 P ^[/ + 9 P ^9,/ - e 2(/ l/ M ) 

+ {lmnl pq - 4<M) (e 2U A pq - ±e w n pr n q r ) . (3.11) 
Now we will propose an effective action that correctly describes the above dynamics. 



3.2 The effective action 

The effective action we propose will have the concise form 



S cS = I dt 



-d m Ud m U - G a0 d m z a d m zP + |e 4C/ fi mn fi m " 



dt I d 6 xC eS . 



3^ rW 

■eS 

(3.12) 
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Now we would like to cast the action (I3.12p in a form similar to that we derived for the 
static solution. In particular, we want to extend the concept of a black hole potential we 
introduced there. To do this, we determine what the vector part of the effective action, C^g, 
should look like, to reproduce the scalar field equations (I3.4p as well as the field equations and 
Bianchi identities for the vectors ( 13.51) . First, we will choose as dynamical vector variables 
in the effective action (13.121) vectors A^, A Im , as was done in the static case, with 

F m n = dmA^ — dnA^ , Gj mn = d m Aj n — d n Aj m . (3.13) 

From (12.131) . we obtain that the vectors Fg m are functions of the independent variables we 
have in the effective action (namely U, u> m , z a and A^, Aj m ) : 



F i \ e 2U 



{e iU u rn uo n - lmn )Q,M + {^-^m^e^cupt (" n ), (3.14) 



F. 



G 



Jn 



where the indices / and J are suppressed on the matrices (fLW) and H. They appear in the 
different entries automatically in the appropriate positions. 

The expression (I2.17P for V mn in the static case, suggests we take the following expression 
as the vector-dependent part in the effective action (I3.12p : 



(V^) ^eff - 2 ( Flm Giom - G^F^ 

(e* u u m u n - 7 mn ) (Fi G Im ) M 



F J 

n 
Gj n 



2 e 4L V 

+2(^)- l e 2U u Jm G In F p I e mn v\ . (3.15) 

Now we will calculate the field equations for the independent fields in the effective action 
(I3.12p . showing why the choice (I3.15P is justified. 

First, we can take a variation of the effective action w.r.t. the scalar field U . Using 
(gllD , we find 

5C {1) / 
5U 



^e 2U ImAfjj (FiF Jm + e~ w F{ m F Jm + n mn F^F Jn - 2(^y 1 e mnp u Jm F{ n F p 
-2^ + A mn ) . (3.16) 



The functional derivative on the left-hand side has to be carried out when keeping the fields 
co m , z a and A^, A Im fixed. When we now make a variation of the full effective action (13.121) . 
we see that the field equation for U is the same as the Einstein equation (I3.9p . Doing a 
likewise variation to find the field equations for u m , keeping F^, Gi m fixed during variation, 
we reproduce expression (13.101) . A variation w.r.t. 7 mn gives inconsistency with the Einstein 
equations fl3T9|) - fl3TlTp . 

We now see that the effective action also generates the same scalar field equations as 
those obtained from the original action (12.21) . where the vector fields A 1 ^ were the other 
independent variables. Indeed, if we take the vectors A l m , Aj m fixed during variation, the 
scalar field equations from the effective action (13. 121) are exactly given by (13. 4p . 
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Also the vector field equations and Bianchi identities (13. 5p are reproduced. The Bianchi 
identities for gauge vectors A^, A Im are given by 



= e mnp ( 9 ™^! np ) . (3.17) 

\O m Gl np J 

Using (I3.14p as a definition for Fq w and Gi 0m , the field equations that follow from the 
effective action (13.121) are given by 



= £ mpq d p ( ) . (3.18) 



IOq 

We see that for stationary solution (doF mn = 0), the field equations and Bianchi identities 
of the four- dimensional action (12.21) are correctly reproduced by (13.171) and (13.181) . 

Finally we note that the Einstein equations (13. lip cannot be reproduced from the effective 
action we propose. The conclusion is that they have to be supplied as additional constraints 
on the fields appearing in the effective action (13.121) . They read 

= hmnl pq - 28151) (-\R m (i) + d p U3 q U + d p z a d q zP - e 2U V pq ) 

+ {imnl™ - 4<M) (e 2U A pq - le iU a pr n q r ) , (3.19) 

where V pq and A pq where given in (13. 7p and (13. 8p . The F 0m appearing in these terms has to 
be understood as a function of and Gj m through relation (13.141) . 

We have seen that the effective action (13. 12[) correctly reproduces the field equations, 
for our non-static metric choice. It is important to note that the three-dimensional metric 
7 mn has to be considered as a background field in the effective action. Some of the Einstein 
equations cannot be reproduced - they have to be taken along as extra constraints. Again, 
the idea of four- dimensional gauge vectors has to be abandoned. The variables to be con- 
sidered now are three-dimensional vectors A^, Ai m . This implies that the effective action 
is no longer covariant. It does however remain invariant under electric/magnetic duality 
rotations. More on this in the following section. In the light of the discussion for non-static 
metrics, we also have a generalization of the concept of the black hole potential. It is given 
by the vector Lagrangian (13.151) . 



4 Electric/magnetic duality 

We would like to show that the supergravity action (12.21) we started from is not equivalent 
to the effective action (13.121) we constructed. In fact, this can be seen from electric/magnetic 
duality. It is known that the Lagrangian (12.21) is not invariant under electric/magnetic 
duality. However, the effective action (13.121) is invariant. 

In a first section, we show this in detail, while in a second subsection we establish a link 
with the work of Denef [9] and the entropy function as introduced in [11, 12]. In particular, 
the effective action (12.301) we obtained for spherically symmetric metrics, gives exactly that 
entropy function. 
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4.1 Inequivalence of the 'original' and effective actions 
Non-static metric. On the one hand, we have the supergravity action (12.2ft : 

S = J d 4 x^ (§J2 - grG^fQyJ + \{\mMu)Fl v F^ J - ^(Re Af^e^F^ 

(4.1) 

The Ricci scalar can be readily calculated from (13.61) and reads: 

R = -g» u G, p 

= e 2U {R{ 1 )-2d m Ud m U+\e w n mn U mn -2d m d m U). (4.2) 

Again, we used the three-dimensional metric j mn to raise and lower indices. We also use the 
expressions for Gj^ (12.131) and for the vectors F^, Gi m (12.141) to rewrite the vector part of 
the Lagrangian: 



„ C- ILV^-* f, 



fiv^ pa 



= \vi(F Im G IOm + GTFU- (4.3) 

Specifying the metric and restricting ourselves again to stationary solutions, the supergravity 
action is, up to a total derivative, given by 

S = J d A x^ \R{i) - d m Ud m U + le AU tt mn tt mn - G a - p d m z a d m z^ + J d 4 x£ (1) . (4.4) 

This action is not the same as the effective action we obtained earlier. First, it has to be 
understood in a different way - the reduced action (|4.4j) has as independent variables U, u, 
the scalars z a and four-dimensional gauge vectors A 1 . In this way it reproduces the field 
equations of the scalars and the vectors, and the Einstein equations (13.91) and (I3.10p . Again, 
(13.1 ip has to be taken along as an extra constraint. But more importantly, it is clear that 
the vector Lagrangian is not invariant under electric/magnetic duality. 

This is clearly different from the effective action (13.121) we obtained. There we had instead 
of the following vector part in the Lagrangian: 

42 = lV7(F Im G I0m -G7FiJ, (4.5) 

the independent vector variables being three-dimensional gauge vectors and Ai m . This 
expression clearly is invariant under electric/magnetic duality rotations. 

Static metric. When we use the metric ansatz ( 12.11) . we can carry through the same 
discussion, with uj m = 0. 
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4.2 Discussion and comparison to the literature 

The expression ( 14. 51) is truly invariant under electric/magnetic duality rotations. This shows 
that our method of constructing an effective action leads us from a form (14. 3B which makes 
general covariance manifest, but lacking electric/magnetic invariance, to a form ( 14. 5ft which 
incorporates the latter but misses out on four-dimensional covariance. In fact, a manifestly 
covariant four-dimensional action invariant under electric/magnetic duality does not exist. In 
[9] , Denef comments on this. Because he works in the framework of type IIB compactification, 
the problem is equivalent to the non-existence of a straightforward generally covariant action 
for the self-dual four-form potential. Based on the work of [17, 18], he constructs a four- 
dimensional action which exhibits invariance under electric/magnetic duality rotations. Our 
effective action is in fact the same as his, up to a normalization of the vectors. However, in 
his work constraints (13.191) were not taken into account. 

We establish the connection with the entropy function in the literature [11,12]. To do 
so, we write the Lagrangian of the original action (14.41) in a suggestive form: 

C(F^Fi,X a ,z a ). (4.6) 

Here X a is the collection of dynamical fields in the metric: U for the static metric (12.11) . 
while in the case of the non-static metric (13.11) it is given by U and cu m . Note that we have 
to consider the three-dimensional metric 7 as background. 

From the definition of Gi^, or equivalently, from (I4.3p . we see that 

dC dC 

Then ( I4.4|) and H4.5[) show that the effective Lagrangian we obtained can be written as 

C eS (Fi, Gi, X a , z a ) = C(Fi, FL, X\ z a ) - yftFUSf - \^R{l) . (4.8) 

The last term can be considered as a constant because 7 is not a dynamical field. Apart 
from this term, (14 .8p clearly takes the form of a Legendre transform, where we switch from 
a description in F^, Fl m (with gauge vectors A 1 ) to F^, G^ (with gauge vectors A^, A Im ). 
By general principles of Legendre transformations this proves again that the field equations 
for X a and z a of C e s and of C are identical. 

We can now carry this through in the spherically symmetric case. When we use the 
parametrization of the metric as in (12.281) . and use the solution discussed in section |2~3"| the 
only nonzero components of the field strengths F^ and Gj m are 

F/=/, G lT = gi , (4.9) 

After integrating out the angular dependence, (14 .8p becomes the entropy function in the 
literature, derived from the 2-derivative Lagrangian (j4.3j) . 
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5 Concluding remarks 



In this paper, we started from the nicely covariant action (12.21) . describing Einstein-Maxwell 
theory for a number of Abelian gauge vectors. We investigated the field equations for station- 
ary solutions. In particular, we showed that the field equations can be reproduced from an 
action that lacks in covariance, but makes electric/magnetic duality manifest. The key idea 
was to shift from four- dimensional gauge vectors A 1 ^ to three-dimensional ones: A^Aim. 
This effective action is given by 



S cS = j dt J d 3 ^ \-d m Ud m U - G a pd m z a d m zP + \e AU tt mn tt mn 



- j dt j d 3 xC { ^, 



(5.1) 



with 



45 = ^(F Im Giom - G?FL) (5-2) 



1 e 



2U 



^(e 4U u m u n - 7 m ") (Fi G Im ) M (£»J + 2e 2U u m G In F^e mn P 



2 e 4C/ w 2 - 1 L 

F^ and Gi m are given by (12.141) . This action is actually a Legendre transformation of the 
spacetime covariant supergravity action (12. 2p on the level of the (three-dimensional) gauge 
fields. This can be seen from equations (14.71) and (14. 8p . From the original Einstein equations, 
we see that we have to supplement the effective action with a set of constraints. 

The result can be split up. In the static case, we have established the connection with the 
black hole potential, a concept which we can now extend to non-spherically symmetric set- 
ups. The constraints reduce to one equation, given in (|2.32|) . Also we saw that the Legendre 
transform reduces to the entropy function in the literature, after eliminating the vector fields 
from the effective action. In the non-static case, we have found the same electric/magnetic 
duality invariant action of [9]. The new results we obtain are twofold. On the one hand, we 
have the new feature of seeing the effective action as a Legendre transform. On top of that 
we have now found the constraints (I3.19p . stemming from the original Einstein equations. 
They have to be supplied to the effective action when one considers non-supersymmetric 
setups and were not calculated before. 

We hope that this analysis, in particular the explicit form of the constraints for the 
non-static effective action, can be a helpful step towards (not necessarily supersymmetric) 
stationary black hole solutions. Indeed, these constraint are automatically fulfilled for su- 
persymmetric solutions, see for instance [19], but have to be taken into account when one 
wants to solve the system in absence of supersymmetry. 
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